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1. Introduct ion 

Since the  last report ,  [ I ]  considerable  progress  has been made 

toward a so lu t ion  of t he  dynamic s t a b i l i t y  of an e c c e n t r i c a l l y  re in-  

forced c y l i n d r i c a l  s h e l l .  

t h e  ends of the  eccenmica l ly  re inforced c y l i n d r i c a l  s h e l l  are 

cont ro l led  t o  approach each other a t  a s p e c i f i c  rate V = V e t ) .  

This is  similar t o  t h e  first-known dynamic s t a b i l i t y  inves t iga t ion  

of t h e  column [2] i n  which Hoff used a constant  V = Vo. This 

cont ro l led  end approach causes an axial loading whose dynamic 

response is* invest igated.  

2; Method of Solut ion 

Zn crrder-to so lve  a s p e c i f i c  ps&9em, 

The dynamic equi l ibr ium and- compa?zibility- equations w e r e  der ived  

as equations (55 )  and (56j i n -  [ l ]  . I n  t h e  sequel ,  these  equations 

w i l l  be called- f i e l d  equations; 

reversed- fzxm t h a t  used- i n  [I] . Simi lar ly ,  t h e  mments and stcmss 

r e s u l t a n t s  comply- now- with-  those- used by Timoshenko [ 31, o r  Volm5r [ 41 

(except f o r  N and-N i n  Volmir’s book) and t h e  th ickness  of t h e  

monocoque s h e l l  i s  h,  l e a d n g  t - f o r  time. The f i e l d  equations are 

e a s i l y  modified- t o -  include i n i t i a l  imperfections.  

w ( ~ )  the  totai  r a d i a l  disphcement by v 

t o  i n i t i a l -  imperfections and by @ t h e  stress functioa- w € m r  5 m Y t i a l  

imperfections are considered, t h e  f i e l d  equations become: 

The d i r ec t ions  of z and- w hamz been 

XY YX 

Denoting by. 

thz radid d i s p - k c ~ ~ e n t  due 
( 0 )  



3.  

where t h e  conrma nota t ion-  is. used for '  p a r t i a l  d i f f e r e n t i a t i a n ,  and where 

t h e  A's, Q's, and are-def ined  as- i n  [ - l ] ( t  + h); p i s  the external 

lateral  pressure  (assumed ze ro - in  t h e  sequel ) -and  the  ro t a to ry  i n e r t i a  

e f f e c t s  are included;. I- i s  defined by m 

The r a d i a l  displacements are then chosen, l i k e -  those- in.zmfe*nce [ 5 ]  , 
where the  dynamic s t a b i l i t y  of the-  monocoqne c y l i n d r i c a l  s h e l l  is  

where wli - - 
L 

- r 
a 
a 

(3) 

( 4 )  

m is  t h e  number o f - h a l f  wave lengths ,  a, (ma = L) in' t h e  axiaL&trection 

and n i s  t h e  number of ful l -wave lengths ,  2b, ( n Z b d R ]  5 n  the- rircum- 

f e r e n t i a l  d i r ec t ion .  "Spatial. hemony" is assum~cl be*-- t k  ini t ia l  

imperfection- and t h e  t o t a i  radia3 disp lacae i i t .  7 % ~  ffr",ti2=szr .of (3) 

allows f o r  a "checkerboard" - o r  chess board,- and the  second f o r  a 

"diamond"- bnckling pa t t e rn .  

The above r a d i a l -  displacement- assumption does not s a t i s f y  

neither-simp3q-supported; nor-clamped boundary conditions.  It can be 

shown, however, t h a t  clamped boundary conditions are s a t i s f i e d  on the  

average over t h e  circumference. 
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On s u b s t i t u t i n g  (3) i n t o  t h e  second equation of ( l ) ,  and in te -  

gra t ing ,  a stress funct ion $ (x ,y , t )  i s  obtained i n  the  form: 

where & corresponds t o  the  homogeneous problem, ROx and i 

t he  axial  loading. @h i s  given by: 

are due t o  
OY 

= A, S/.WS~$?J t& Si4*.'1/86r r/)3S;/h&yl +A+ coszhx 

w +&myJ t A 4  c0s244W2pJ tJ,askt +a8m 
f.  29 coscby(ros2p~ + )r/o c O S 2 ~ c a r ~  

( 6 )  
/ 

The A S  are r a t h e r  involved expressions t h a t  contain f l ,  fo ,  gl, go, a, B, 

A's, S's .  The d e t a i l e d  l i s t i n g  w i l l  be forthcoming i n  the  f i n a l  repor t .  

I n  the  treatment of t h e  monocoque s h e l l  i n  reference [5], i is 
OY 

assumed as the  membrane hoop stress r e s u l t a n t  due t o  hydros t a t i c  pressure.  

I n  the  absence of t he  lat ter,  no Poisson i n t e r a c t i o n  is  therefore  possi- 

b l e .  I n  con t r a s t  t o  such a s impl i f i ca t ion ,  N and 5 are r e l a t e d  by 

the  c losure  condi t ion of the s h e l l  which can be s t a t e d  as: 

- 
ox OY 

(7) 
- 
Nox is  in t e rp re t ed  physical ly  as t h e  axial stress r e s u l t a n t  at t h e  

ends of t h e  s h e l l  when averaged over t h e  circumference. 

The rate at which the ends of the  c y l i n d r i c a l  s h e l l  approach each 

o ther  i s  assumed i n  the  form 
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which reduces t o  t h a t  of Hoff [ 2 ]  f o r  4'0. 

The a x i a l  loading r e s u l t s  from the  mean end shortening z .  given by 
r n L  t 

With equations ( 8 )  and (9), iox can be shown t o  be: 

(10) 

On using equations (7)  and  (10) i n  (51, t h e  stress funct ion is obtained 

i n  terms of t h e  known quan t i t i e s .  

The r e s u l t i n g  stress function expression i s  then introduced i n t o  the  

equi l ibr ium equat ion of (1). 

by using the  Bubnov-Galerkin method, e.g.  

Equilibrium i s  being s a t i s f i e d  i n  the  mean 

(11) 

Space l i m i t a t i o n  does not allow t o  list t h e  expression €or  H i n  detail, 

It can be e a s i l y  appreciated t h a t  H would cover seve ra l  pages and w i l l  

be given i n  the  forthcoming f i n a l  repor t .  



Carrying out  t he  G 1 rkin procedure l e  
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ir  of 

second-order coupled ordinary d i f f e r e n t i a l  equations of t h e  t h i r d  degree: 

d t o  t h  following p 

The B's and C's are r a t h e r  involved constants .  Space does not  allow a 

d e t a i l e d  l i s t i n g  and reference is  made t o  t h e  forthcoming f i n a l  repor t .  

B's and C?s contain a, 8 ,  A's B's, fo, go, a, R,  L , l ,  Vo. 

The 
- 

On de le t ing  t h e  diamond pa t t e rn  amplitude g l ( t ) ,  s e t t i n g  4 =o , taking 

the  B's and C's  f o r  t he  monocoque s h e l l ,  l e t t i n g  R -+ OD, m = 1, Y -t 0 etc., t h e  

above equations reduce t o  the  s ing le  equation used by Hoff 121 f o r  t h e  column 

except f o r  a minor f ac to r .  

The reduced equation becomes: 
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(14) 

and where the  supe r sc r ip t  (c)  implies column. 

by 1/4,  Hoff's equat ion f o r  t h e  simply supported column is  obtained. 

s l i g h t  discrepancy has only a minor e f f e c t  s i n c e  3/16 mul t ip l i e s  t h e  imper- 

f e c t i o n  term of B 

s i g n i f i c a n t  only f o r  l a r g e  fl.  

I f  the  f a c t o r  3/16 i s  replaced 

' This 

(') 
1 '  Its e f f e c t  on Bit) is mul t ip l i ed  by f:, which becomes 

Once a so lu t ion  of (12) has been accomplished, i can be ca lcu la ted  from ox 

(10) 

A computer program has been developed t h a t  w i l l  c a l cu la t e  t he  B ' s  and C's  

f o r  a given reinforced s h e l l  and assumed m and n. 

m e a n s  of t h e  Runge-Kutta method. The la t ter  method w a s  used i n  reference [51. 

It i n t e g r a t e s  t he  equation by 

The method has been t e s t e d  successful ly  on t h e  constant  coe f f i c i en t  reduced 

l i n e a r  systems of (12) which i s  amenable t o  a closed form so lu t ion .  To 

each p a i r  m, n ,  t h e r e  corresponds a f = Nox(t). ox 

For a p a r t i c u l a r  mode (m,n) there  e x i s t s  a which might be c a l l e d  ox max 

the  cr i t ical  dynamic buckling load f o r  t h a t  mode. Which of these poss ib l e  

modes (m,n) i s  t h e  t r u e  mode, remains t o  be answered. 

3. Related Work 

I n  reference [5] m = n i s  assumed, and the  c r i t e r i o n  is  adopted t h a t ,  t h e  

curve 7 = (6 +g,)lh = f(qn,$) , which departs  earliest f rum the time-axis and 

a l s o  is f i r s t  t o  reach i t s  peak, is t h e  proper curve, so  t h a t  m = n is deter-  

mined. From t h e  diagrams of reference [5], i t  appears, however, t h a t  f departs  

earl ier and earlier with increasing n = m, so t h a t  t h i s  c r i t e r i o n  remains 

- 

inconclusive.  

I n  Agarnirov and Volmir's paper [6], which is  one of the  earliest i n  t h e  

f i e l d  of dynamic buckling of s h e l l s ,  t he  dynamic s t a b i l i t y  of a monocoque s h e l l  

due t o  pressure loads (ramp) i s  inves t iga ted ,  using a similar approach. The 

au thors  assume m = 1 from the  very beginning and set fl= gl. They are faced with 
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the  same dilemma which they resolve by taking again the  n t h a t  corresponds t o  

t h e  curve f l  = f (n , t )  which depar t s  earliest from the  time a x i s .  1 

4. Present  S ta tus  and Future Work 

Preliminary numerical so lu t ions  have been obtained f o r  t h e  s t r i n g e r  s h e l l  

l abe led  number 1 i n  Card's r epor t  171 f o r  a constant rate of end approach 

V = 100 in /sec .  

t o  t he  modal numbers m,n. 

These r e s u l t s  are present ly  reviewed p a r t i c u l a r l y  with respec t  
0 

So f a r ,  no s a t i s f a c t o r y  c r i t e r i o n  has been found i n  

choosing t h e  proper m and n .  A l i n e a r  Donnell-type s t a t i c  equation has been 

der ived which leads  t o  the  following expression f o r  t h e  s t a t i c  axial  buckling 

load : 

where 

I f  one chooses m = 2 n = 6 as reported i n  [7], t h e  r e su l t i ng  buckling 

loads f o r  t h e  i n t e r n a l l y  and the  ex terna l ly  s t i f f e n e d  cy l inder  agree q u i t e  

c lose ly  with Card's r e s u l t s .  (see following Table) 
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it can be seen from t h e  r e s u l t s  in the  t a b l e  below t h a t  2 
considerable ex ten t  on t h e  choice of m,n. 

depends t o  a 

It is q u i t e  easy t o  determine a funct ion 7=2(+) from equat ion (15), f o r  a 

f ixed  n. The maximum of 2 of a l l  these  n- parameter curves l i e s  within 

0.3 L 4L 0.4 and has an absolute  maximum f o r  n = 7 f o r  Card's s t r i n g e r  s h e l l .  

From these  considerat ions,  i t  appears t h a t  any r e l i a b l e  t h e o r e t i c a l  p red ic t ion  

of t h e  s t a t i c  o r  dynamic c r i t i c a l  buckling load would have t o  include a deter-  

mination of m and n. It is reca l led  tha t  t he  l i n e a r  c l a s s i c a l  axial buckling 

a n a l y s i s  leaves the mode m, R - u i i d & s ~ ~ i m d .  

only i f  a v a r i a t i o n  of t h e  parameters includes the  h a l f  wave lengths ,  o r  o the r  

parameters t h a t  are r e l a t e d  t o  m,n. 

Nm-linear ana lys i s  w i l l  y i e l d  m,n 
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